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Intervalley scattering of carriers in graphene at ‘top’ adatoms may give rise to a hidden Kekule´
ordering pattern in the adatom positions. This ordering is the result of a rapid modulation in the
electron-mediated interaction between adatoms at the wavevector K −K′, which has been shown
experimentally and theoretically to dominate their spatial distribution. Here we show that the
adatom interaction is extremely sensitive to strain in the supporting graphene, which leads to a
characteristic spatial modulation of the Kekule´ order as a function of adatom distance. Our results
suggest that the spatial distributions of adatoms could provide a way to measure the type and
magnitude of strain in graphene and the associated pseudogauge field with high accuracy.
Much of the rich physics of graphene stems from the
peculiarities of its intrinsic electronic structure, such as
its gapless Dirac spectrum, the chirality of its carriers,
or the emergence of pseudogauge fields as a result of
inhomogeneous strains1–3. These are all ‘intra-valley’
properties, defined independently within valleys K and
K ′. They are responsible for e.g. graphene’s high mo-
bilities4, Klein tunneling5, the valley-Hall effect6 or the
emergence of topologically protected boundary states in
bilayers7,8. They remain robust as long as valley sym-
metry is preserved, i.e. as long as any perturbation or
disorder present in the sample acts symmetrically on the
two sublattices of the crystal. Atomic-like defects are
one important type of perturbation that does not in gen-
eral preserve valley symmetry, and allows for scattering
events with an intervalley ∆K = K −K ′ momentum
transfer (~ = 1)9.
Intervalley scattering may be important at the edges
of a generic graphene flake10,11, at substitutional
dopants12–14, or at certain adatoms15 that adsorb to
graphene in a ‘top’ configuration (i.e. adsorbed atop in-
dividual carbon atoms), such as Fluor16 or Hydrogen17,
thereby breaking sublattice symmetry. Despite destroy-
ing the chiral nature of carriers in graphene, intervalley
scattering is also fundamentally interesting in its own
right18, and can actually become a powerful tool, partic-
ularly for graphene functionalization. It is crucial for the
engineering of enhanced spin-orbit couplings15 and finite
bandgaps in graphene via decoration with adatoms19–22,
by the effect of a crystalline substrate23–25, or through
electron-phonon interaction26.
Here we focus on another striking effect of inter-
valley scattering, the unique ordering mechanism of
top adatoms20 and similar atomic like defects27,28 in
graphene. Ordering results from the electron-mediated
interactions between defects as graphene quasiparticles
scatter between them29–31. Scattering at adatoms lo-
cally modifies the electronic density of states in graphene,
which gives rise to Friedel oscillations12,32 and to a
change in the total electronic energy that depends on the
distance between adatoms. This gives rise to a fermionic
analogue of the Casimir force33, and has been shown to
Figure 1. Sketch of the Kekule´ index νr = 0, 1, 2 (red, green,
blue) of sites on each (A/B) sublattice in graphene. Hid-
den Kekule´ ordering of top-adatoms (in yellow) corresponds
to adsorption on sites with equal νr (here νr = 0), as a re-
sult of adatom interaction mediated by carriers in graphene
that undergo intervalley scattering. Sublattice correlation of
adatoms may also arise from the same interaction.
be the dominant contribution in the interaction between
graphene adatoms34. It leads to the self-organization of
atomic defects and adatoms at different levels, including
sublattice ordering21,31, Kekule´ ordering30, and spatial
clustering29. Kekule´ ordering, recently demonstrated in
experiment28, is probably the most striking of these. In
this work we show that electron-mediated Kekule´ order-
ing is extremely sensitive to elastic strains in the under-
lying graphene. The connection arises from the effect of
strain-induced pseudogauge fields on intervalley scatter-
ing, and could provide a sensitive way to measure strains
through adatom distributions, or conversely to control
Kekule´ ordering of adatoms through strain engineering.
Consider a top adatom on sublattice σ =A,B of a
graphene unit cell centered at r = n1a1 + n2a2 (ai are
graphene’s lattice vectors with |ai| = a0 and |∆K| =
8pi/
√
3a0). One may classify such adatom by the sub-
lattice σ and an integer Kekule´ index νr, such that
∆K · r = 2piνr/3 + 2pin for some integer n, i.e.
νr =
∆K · r
2pi/3
mod 3 = (n1 − n2) mod 3 = 0, 1, 2. (1)
These three possibilities are color-coded as ‘red’, ‘green’
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2and ‘blue’ here, and are shown in Fig. 1 for one of the
graphene sublattices. Hidden Kekule´ order28 consists of
collections of top adatoms or atomic defects which min-
imise their quasiparticle-mediated interaction energy by
adopting the same values of νr, and (possibly) the same
value of σ, see yellow adatoms in Fig. 1. We now de-
scribe the mechanism that gives rise to Kekule´ ordering,
and then analyse how it is affected by the presence of
elastic strains.
The interaction between two adatoms on graphene
has various contributions, including local elastic defor-
mations of graphene around adatoms, direct overlap of
adatom orbitals, direct Coulomb interactions (monopo-
lar or multipolar) and interactions mediated by scatter-
ing of quasiparticles in graphene. Of these, only the last
two are relevant in realistic conditions34, with the latter
dominating the interaction of neutral adatoms. Direct
Coulomb interactions are rather simple, and do not pro-
duce any Kekule´ ordering, so we will concentrate on the
far richer properties of the electron-mediated interaction
potential U(r). We model the graphene-adatom system
in a tight-binding approximation,
H = −t
∑
〈i,j〉
c†i cj + 0
∑
k
d†kdk − t′
∑
k
(d†kck + c
†
kdk), (2)
where ci are graphene pi orbitals, and dk are adatom
states, located at positions rk, and coupled to a single
ck state in graphene (top configuration). Consider for
simplicity only two adatoms in the system k = 1, 2 on
sublattices σ1 and σ2 at a distance r = r2 − r1. The in-
teraction potential Uσ1σ2(r) can be written
29,31,35 as the
total energy of all the electrons in the system, as they
adjust to the presence of the adatoms,
Uσ1σ2(r) =
∫
dω (ρ(ω)− ρ∞(ω))ωf(ω) (3)
ρ(ω) = − 1
pi
Tr
[
Gσ11 (ω) +G
σ2
2 (ω) +
∫
d2r′G(r′, r′;ω)
]
.
Here G and Gσkk are the full, retarded Green function of
graphene and the two adatoms, respectively, and f(ω) is
the Fermi function (for concreteness, zero temperature
and zero filling are assumed from now on). The poten-
tial depends implicitly on the adatom distance r, and
contains fast spatial harmonics ∼ cos(∆K · r) due to
the interference of K and K ′ that results from interval-
ley scattering. The reference density of states ρ∞(ω) is
defined as the limit for r →∞, so that U(r →∞) = 0.
We computed U(r) numerically to all orders in the
coupling t′, as described in the Appendix A. In the weak
coupling limit the results agree with analytical expres-
sions for U that have been obtained in the literature for
unstrained graphene31. It was shown, using a simpli-
fied adatom model, that in the limit of weakly coupled
adatoms, U exhibit a Kekule´ modulation given by
UAA(r) = UBB(r) ≈ vAA (|r|) cos2 (2piνr/3) , (4)
UAB(r) = UBA(r) ≈ vAB (|r|) sin2 (2piνr/3 + φr) . (5)
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Figure 2. Interaction potential between two adatoms (with
0 = −0.15t) on unstrained graphene, weakly attached (t′ =
0.7t) to the same (a) and to different (b) subblattices. The
interaction potential results from the scattering of graphene
carriers at the adatom sites. The potential is attractive for
equal sublattice, and repulsive otherwise. By color-coding
the potential according to the Kekule´ character νr of the sep-
aration vector r = r2 − r1, we see that at equilibrium the
two adatoms rest on the same sublattice, at sites with equal
Kekule´ character (νr = 0(red) ⇒ νr1 = νr2). Regardless of
the radial dependence of the interaction potential [multiplied
here by (|r|/a0)3 for visibility], its Kekule´ components (col-
ored insets) satisfy the simple forms in Eqs. (4, 5), up to
small corrections from higher angular harmonics.
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Figure 3. Interaction potential between two adatoms as in Fig. 2, with a 1% uniform strain present in graphene, either uniaxial
xx(a,d), uniaxial yy (b,e), or a uniform shear xy (c,f). Equal sublattice configurations is still preferred, but the Kekule´
character acquires a modulation with distance that reflects the change of the intervalley separation K −K′ by a pseudogauge
field 2A ∼ (xx − yy,−2xy).
Here φr is the angle between ∆K and r = r2 − r1.
vAA(r) and vAB(r) are smooth functions of inter-adatom
distance, that in absence of dissipation fall as 1/r3 at long
distances. The sign of vσσ′(r) is controlled by the adatom
coupling t′, and the interaction strength and decay with r
is strongly affected by inelastic processes in graphene (see
Appendices D and B for further discussion). This results
in a rich and partially tuneable interaction phenomenol-
ogy between adatoms. Perhaps the most relevant prop-
erty, however, is that for weak couplings, vAA(r) is at-
tractive and vAB(r) is repulsive, while for strong coupling
the opposite is true. Hence, adatoms will exhibit ferro-
or antiferro-like order in the sublattice quantum number,
depending on how strongly coupled they are to graphene.
The Kekule´ factor, in contrast, is much more universal,
and the expressions in Eqs. (4,5) remain qualitatively
correct regardless of coupling strength. Corrections come
in the form of weaker harmonics in the angular coordinate
φr. The Kekule´ factor effectively produces six different,
spatially-smooth potential components Uσ1,σ2,νr1 ,νr2 for
each combination of σ, σ′ and νr1 , νr2 . In the following,
we will focus on these components to reveal the favored
Kekule´ and sublattice ordering in each case.
Numerical results for UAA(r) and UAB(r) without
strain are shown in Fig. 2, panel (a) and (b) respec-
tively. Parameters are chosen in the weak coupling
regime, which corresponds to the phenomenology seen
in the experiment of Ref. 28. In the insets we show the
three Kekule´ components corresponding to the three val-
ues of νr = νr1−r2 = 0, 1, 2 (red, green and blue). The
main panels show all the Kekule´ components together in
real space, but are plotted so as to emphasize the color
of the most (least) favored Kekule´ component at each
adatom distance for UAA (UAB). Points with a more
negative potential UAA(r) are rendered last in panel (a),
so that the most visible color of a given point corresponds
4to the Kekule´ character of the potential minimum. For
UAB(r) in panel (b) we use the opposite rendering order,
so that the Kekule´ character of points with the strongest
repulsion is the most visible. Cuts of the potential along
the vertical and horizontal directions are also included.
We note that UAA at νr = 0 (red) is the most attractive
potential component [top-right inset in panel (a)]. In
the chosen parameter regime the electron-mediated po-
tential favors isotropic configuration of adatoms on the
same sublattice σ and with equal Kekule´ index. Note
that the angular profile of all potential components fol-
lows Eqs. (4,5).
We now consider the same problem in the presence of
uniform strain ij in graphene, such that the position of
each carbon atom ri becomes ri+ ·ri. The distortion is
incorporated into the tight-binding description of Eq. (2)
by making the hopping t depend on the carbon-carbon
distance as t = t exp [−β(|ri − rj |/a0 − 1)], where β ≈
3. For realistic strains, this shifts the K and K ′ valleys
by an opposite pseudogauge vector
A = ± 2β√
3a0
(xx − yy,−2xy) (6)
(the xˆ axis corresponds here to the zigzag direction). In
the case of homogeneous strain, this pseudogauge poten-
tial is of no consequence to intra-valley physics, as it can
be gauged away. It has, however, a strong impact in in-
tervalley scattering, since the Kekule´ momentum transfer
changes to ∆K + 2A. Consequently, it would be nat-
ural to expect intervalley-dependent quantities such as
Uσσ′(r) to exhibit signatures of a uniform strain. The
weak-coupling Kekule´ should then become
UAA(r) ≈ vAA (|r|) cos2 (2piνr/3 + 2A · r) , (7)
UAB(r) ≈ vAB (|r|) sin2 (2piνr/3 + 2A · r + φr) . (8)
This expectation is indeed confirmed by our numerical
simulations. Figure 3 shows the modified potential UAA
(panels a-c) and UAB (panels d-f) for the same parame-
ters of Fig. 2 under an uniform 1% uniaxial strain along x
and y directions, and a 1% uniform shear strain. We con-
centrate on the UAA(r) potential, as the UAB remains re-
pulsive and is thus irrelevant for the equilibrium adatom
configurations (see Appendix B for additional results in
the case of strong coupling). The equal-sublattice con-
figuration is still the most stable one in the presence of
strain in this regime. One immediately observes, how-
ever, a new spatial modulation in each of the Kekule´
components that is linear in ij . While a uniform Kekule´
adatom configuration νr = 0 was favored in the case
without strains, a 1% strain makes the potential mini-
mum change Kekule´ character with distance, precessing
between νr = 0, 1, 2 (red, green, blue) as the two adatoms
are separated (see vertical/horizontal stripes in Figs 3(a-
c)). This type of precessing interaction is reminiscent of
the Dzyaloshinskii-Moriya exchange interactions in chiral
magnets36,37, responsible for the formation of skyrmion
spin structures38, although here it operates in the Kekule´
instead of the spin sector.
The spatial modulation is consistent with the form of
A given in Eq. (6). Uniaxial strain xx and yy along the
x and y directions both modulate the Kekule´ character
along the x direction, albeit in an opposite sequence or-
der. In contrast, a shear strain xy creates a modulation
along the y direction, with a period that is half that of
the uniaxial strain. The modulation period is given by
pi/|6A|, i.e. around 3-4 nm for 1% of uniaxial strain.
For a large ensemble of adatoms, the Kekule´ orienta-
tion of domains should also exhibit a spatial modulation.
A given adatom will align its Kekule´ index to nearby
adatoms, with which interaction is strongest. However,
the long-range coherence of Kekule´ domains will be con-
trolled by the long-range component of the interaction,
so striped Kekule´ domains are expected to arise even
under weak uniform strains. This requires sufficiently
long-range interactions such as those observed in the ex-
periment of Gutierrez et al.28 (Kekule´ domain sizes in
the tens of nanometers and above, substantially greater
than modulation periods at 1% strains). In such cases
the spatial modulation of Kekule´ alignement is expected
to show a high sensitivity to the magnitude and type
(uniaxial/shear) of strains in the sample.
We have concentrated here on the simplest case of a
point-like adatom in a top configuration. More com-
plex adsorbates, such as larger molecules or adatoms
in different stacking configurations (hollow and bridge)
should be expected to result in different interaction po-
tentials. Likewise, the inclusion of further physical ingre-
dients, such as electronic interactions and adatom mag-
netism could extend the results presented here. We have
explored a number of these extensions in Appendix C
(strong coupling, onsite interactions, adatom magnetisa-
tion and RKKY exchange19,39–41). While quantitative
differences where found, they were mostly confined to
the range and sign of the different smooth Kekule´ com-
ponents vσσ′(r). The Kekule´ modulation of the poten-
tial and its dependence with strain, Eqs. (7, 8), remain
mostly unchanged. The fundamental connection between
Kekule´ order and strain is thus found to be universal,
and is one of the most striking manifestations of uniform
strains in graphene.
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Appendix A: Interaction potential between two
adatoms
The total interaction energy between two identical
adatoms in a top configuration on a graphene monolayer
5can be decomposed in several contributions. Solenov et
al. showed34 that the dominant contributions are re-
duced to two: the electrostatic repulsion and the inter-
action mediated by electron scattering in graphene. The
first may be present even for charge-neutral adatoms in
multipolar form, but is otherwise rather simple. The sec-
ond results in a much richer structure to the interaction,
and has been shown to strongly dominate the ordering of
impurities in some situations.
The main feature of the electron-mediated interaction
U(r) between adatoms on graphene is that, by virtue
of the strong intervalley (K ↔ K ′) scattering at top-
adatoms, it is rapidly modulated on the atomic lattice as
U(ri) ∼ − cos[(K −K ′) · ri], which yields a character-
istic Kekule´ pattern in the potential minima. This was
recently shown to produce a robust ”hidden” Kekule´ or-
dering of certain types of impurities that survives even
at room temperature28.
Here we develop a derivation of the potential U(r)
using a simplified model for the adatoms. We describe
graphene quasiparticles using a nearest-neighbour tight-
binding model on the honeycomb lattice. The corre-
sponding spin-degenerate Bloch Hamiltonian reads
H0(k) = −t
(
0 1 + e−ik·a1 + e−ik·a2
1 + eik·a1 + eik·a2 0
)
where ai are the lattice vectors, and the matrix is ex-
pressed in sublattice, space, which we denote by α =
A,B. The Hamiltonian of adatom i = 1, 2 is modelled as
Hi = 0
The hopping from graphene to adatom i is expressed as
a 1× 2 hopping matrix from sublattice space to adatom
level 0. It may be either
V Ai = t
(
1 0
)
= t pA
for an adatom attached to the A sublattice, or
V Bi = t
(
0 1
)
= t pB
for the B sublattice.
The total energy of electrons scattering on two impu-
rities at a distance r12 = r2 − r1 can be expressed as
U(r12) =
∫
dω (ρ(ω)− ρ∞(ω))ωf(ω) (A1)
ρ(ω) = − 1
pi
ImTr
[
Ga1(ω) +G
a
2(ω) +
∫
d2rG(r, r;ω)
]
In this expression f(ω) is the Fermi distribution and ρ(ω)
is the total density of states at energy ω of electrons in
graphene (computed from the retarded Green function
G of graphene) and in the two adatoms (computed from
their respective Ga1,2). The function ρ∞(ω) is the cor-
responding density of states for adatoms separated by a
large distance (no interadatom scattering of electrons).
Figure 4. Interaction potential UAA (panels a,b) and UAB
(panels b,c) along the x and y direction at fixed 0 = −0.15t as
t′/t is varied. The atomic-scale Kekule´ oscillations only arise
in cuts along the x direction (panels a,c). In (a,c), dots denote
positions with νr = 0 (same Kekuke´ character of adatoms) .
UAB and UAA have an opposite sign, but the sign is inverted
in an attractive-repulsive crossover that appears around |t′| ≈
1.5|t|31.
The graphene Green function G includes the coupling
Vi = V
αi
i of the two adatoms i = 1, 2 on sublattice αi,
and can be derived using the Dyson equation. This yields
G(r, r′) = g(r, r′) +
∑
i,j
g(r, ri)Tijg(rj , r
′) (A2)
g(r, r′;ω) =
∑
s=±
e−isK·(r−r
′)
∫
d2k
2pi
e−ik·(r−r
′)gs(k;ω)
gs(k;ω) =
1
ω −H0(k) + i0+ (A3)
The T -matrix contains the scattering potential due to all
possible inter- and intra- adatom scattering processes,
and reads
Ti,j(ω) =
(
V †1 0
0 V †2
)
1
(ω − 0)1− Σa(ω)
(
V1 0
0 V2
)
Σaij =
(
V1 0
0 V2
)(
g11 g12
g21 g22
)(
V †1 0
0 V †2
)
, (A4)
where gij = g(ri, rj ;ω). The expression of T
∞ and G∞
for adatoms infinitely apart is obtained simply by setting
g12 = g21 = 0 above,
Σa,∞ij =
(
V1 0
0 V2
)(
g11 0
0 g22
)(
V †1 0
0 V †2
)
, (A5)
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Figure 5. Spatial map of the UAA(r) and UAB(r) adatom interaction in the strong coupling limit (t
′ = 5t, 0 = −0.15t). Panels
(a,b) show the case without strain, and (c,d) the case with a 1% uniaxial strain along the x direction.
The adatom Green function on the other hand reads
Gi =
1
ω − 0 − Σgi
(A6)
where the graphene-induced self-energy on adatom i
reads
Σg1 = V
†
1 (g11 + g12t2g21)V1 (A7)
Σg2 = V
†
2 (g22 + g21t1g12)V2 (A8)
tj = Vj
1
ω − 0 − Σa,∞jj
V †j . (A9)
The asymptotic G∞i at large adatom separation is ob-
tained by setting g12 = g21 = 0 above.
7Figure 6. Interaction potential for same-sublattice adatoms
along the x axis in the presence of an onsite electron-electron
repulsion U. Panel (a) shows the interaction potential for val-
ues of U below Uc . Panel (b) shows the evolution of the
interaction potential in the ferromagnetic regime U > Uc.
With these ingredients, the final form for the density
of states reads
ρ(ω) − ρ∞(ω) = ∆ρg(ω) + ∆ρ1(ω) + ∆ρ2(ω) (A10)
∆ρg = − 1
pi
Im Tr
∑
s,i,j
∫
d2k
2pi
gs(k)∆Tijg
s(k)e−ik·(rj−ri)
∆ρi = − 1
pi
Im Tr ∆Gi (A11)
where ∆Tij = Tij−T∞ij and ∆Gi = Gi−G∞i . Alternative
derivations with different (but formally equivalent) forms
of these equations can be found e.g. in Refs.29,31,35.
Appendix B: Strongly coupled adatoms
In the main text, we have concentrated on the weak
coupling regime t′/t < 1 in which the Kekule´ interac-
tion potential is attractive when the adatoms lie on the
same-sublattice, and repulsive otherwise. This type of in-
teraction has been observed experimentally at room tem-
peratures for a specific type of ‘vacancy adatom’28. The
magnitude and even the sign of the interaction, however,
strongly depends on the ratio t′/t, i.e. on how strongly
the adatom or atomic defect binds to graphene. In this
section we explore the dependence of the Kekule´ inter-
action as the coupling t′ is increased. We find that the
strong-coupling regime t′/t  1 is characterised by a
repulsive Kekule´ potential for same-sublattice configura-
tions and an attractive potential for opposite sublattices,
as noted by previous works31. The boundary between
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Figure 7. UAA(r) cut at y = 0 analogous to Fig. 2a of the
main text as the damping factor of electrons in graphene is
reduced from 0.04t to 0.005t. The value chosen in the main
text is δ = 0.03t. Note that as coherence increases, the po-
tential becomes stronger and decays as 1/r3 (dashed line) at
large distances.
the weak-coupling and strong-coupling regimes is found
at t′ ≈ 1.5t. This is shown in Fig. 4, where we plot the
dependence of the UAA and UAB potentials along the x
and y direction as one increases the ratio t′/t for a fixed
0 ≈ −0.15t.
Figure 5 shows the corresponding map for all inter-
adatom distances r in the strong coupling limit t′ = 5t.
In panels (a,b) we show the case without any strain. We
see that, indeed, same-sublattice interaction is now repul-
sive (a), and different sublattice interaction is attractive
(b). Sublattice ordering will thus tend to be ‘antiferro-
magnetic’, with nearby adatoms arranging in opposite
lattices. Without strain, different Kekule´ alignments are
favored (panel b) depending on the angle φ between r and
∆K (here along the x direction). The UAB potential that
dominates the arrangement of adatoms is therefore non-
isotropic, in contrast to the UAA potential that controls
the weak coupling regime. Most importantly, the mag-
nitude of the adatom interaction is between one and two
orders of magnitude stronger than in the weak coupling
regime.
In the presence of strain, the interaction potential be-
comes modulated following the same pseudogauge mech-
anism described in the main text. However, since adatom
ordering in the strong coupling regime is controlled by
8the non-istropic potential UAB , the effect of strain has a
much richer structure in this case, see Figure 5d.
Appendix C: Interactions
Thus far, we have not considered the effects of electron-
electron interactions in our discussion. In this section we
consider intra-adatom Hubbard interactions in the weak
coupling limit. The Hubbard interaction introduces an
additional term in the adatom Hamiltonian. In the mean-
field approximation it is expressed as:
Hj = 0 + U
∑
σ,σ′
〈nj,σ〉nj,σ′ (C1)
where U is the intensity of the Hubbard interaction, njσ
is the number operator for an electron in adatom j =
1, 2 with spin σ =↑, ↓ and the magnetic moment in the
adatom is Mj = 〈nj,↑〉 − 〈nj,↓〉 is to be computed self-
consistently.
Assume two adatoms j = 1, 2 on graphene. The mean
value of the number of electrons with spin-label σ in
adatom j reads:
〈njσ〉 = − 1
pi
Im
∫
dω
(
ω + i0+ −Hj − Σgr,j′(ω)
)
ω
(C2)
and Σgr,j
′
(ω) = −t′†G(rj , rj)t′ is the self-energy term
accounting for the combined influence of the graphene
lattice and the j′ 6= j adatom on the j adatom. The
Green function G(rj , rj) of graphene under the j adatom
includes the presence of the j′ adatom. It is computed by
the same procedure explained in Appendix A for the non-
interacting case, with the modification that the adatom
Hamiltonian Hj is now given by equation (C1) and is
computed self-consistently. The formula for the potential
U given in the main text holds unmodified.
The spin-exchange interaction between magnetic
adatoms in top positions is ferromagnetic when the
adatoms are located in the same sublattice and antifer-
romagnetic when located in opposite sublattices17,39,40.
We have confirmed this result within our model, and have
checked that the ferromagnetic character of the exchange
remains unchanged under the application of strain in
graphene. In the unstrained case, in the ferromagnetic
regime the Kekule cos2 (∆K · r) periodicity is left in-
tact. Only the envelope vAA and vAB of the oscillations
is modified by the effect of U .
If the adatom is decoupled from graphene (t′ = 0),
the presence of an arbitrarily small U would open a
spin-polarized splitting in the low-energy spectrum of
the adatom. For t′ 6= 0, our mean field approximation
gives a minimum Uc > 0 required to create a non-zero
magnetic moment in the adatoms. For t′ = 0.7t and
 = −0.15t , Uc ≈ 0.4t. Our numerical calculations show
that the effect of the electron-electron repulsion is two-
fold. For U < Uc, the depth of the potential well increases
with U , thus enhancing the attractive strength of the
Kekule´ ordering. In the regime of ferromagnetic align-
ment (U > Uc), the effect on the envelope is somewhat
more complicated. For U very close to Uc the repulsive
core around r = 0 is increased, although the interaction
quickly becomes attractive for longer distances. Upon
further increase of U the repulsive core shrinks dramat-
ically and the system returns to a behavior similar to
the non-magnetic case. This behavior can be observed in
Fig. 6.
Appendix D: Dissipation and the 1/r3 asymptotics
It may be shown analytically31 that a pristine and fully
coherent graphene substrate leads to a same-sublattice
adatom potential UAA(r) = vAA(r) cos(2piνr) that scales
asymptotically as vAA(r) ∼ 1/r3 with interadatom dis-
tance (at shorter distances, deviations are predicted
depending on the adatom coupling strength29). This
asymptotic result, however, assumes that dissipation is
completely absent in the graphene electron liquid. Inelas-
tic scattering events with phonons or through electron-
electron interactions modify this result. In the main text,
our simulations incorporated phenomenologically elec-
tronic dissipation by a finite imaginary part δ = 0.03t
added to the energy ω + iδ in the bare Green’s func-
tions g. The precise value of δ adequate for a real sys-
tem is model-dependent. Its effect on vAA, however, is
quite universal, and leads to a suppression of the inter-
action strength and a faster decay than 1/r3 at long dis-
tances. To make connection to the analytical results for
fully coherent systems we present in this section results
for UAA(r) as the damping factor δ is reduced. Fig. 7
shows cuts at y = 0 analogous to those in Fig. 2a in the
main text as δ is reduced from 0.04t to 0.005t, both in
an UAA(r) × (r/a0)3 plot (panel a) as in a log-log plot
(panel b). We see clearly that the interaction strength
is enhanced as the system becomes more coherent, and
that the 1/r3 decay (dashed line in panel b) is recovered.
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